Introduction
Plasma transport has been one of the most actively researched subjects in fusion science since it is not only an important problem to be understood for achieving controlled nuclear fusion but is also a theoretically interesting phenomenon containing rich physics. In a magnetically confined plasma, transport of particles, momentum, and energy results from Coulomb particle collisions and turbulent fluctuations driven by various instabilities. Classical transport occurs when particle gyromotions around the magnetic field lines are randomly disturbed by collisions. In a hot plasma where the mean free path is comparable to or larger than the system size, the guiding center drift motions combined with collisions cause another type of collisional transport, which depends on the confining magnetic field geometry and is called neoclassical transport. Theories of the classical and neoclassical transport have been systematically well established as seen in several reviews (Braginskii, 1965; Galeev & Sagdeev, 1979; Hinton & Hazeltine, 1976; Hirshman & Sigmar, 1981; Balescu, 1988) . Compared to them, anomalous transport, which is driven by plasma turbulence, is more difficult to treat theoretically because it is essentially a nonlinear problem. Various theoretical studies of the anomalous transport based on fluid and kinetic turbulence models have been done (Connor & Wilson, 1994) . For example, test particle models are applied to analyses of the anomalous transport in stochastic magnetic fields (Balescu, 1995) . Also, modern chaos theories help us understand the onset of anomalous diffusion in drift waves (Horton & Ichikawa, 1996) .
Attempts to uniformly describe the classical, neoclassical and anomalous transport have been made by Shaing (1988a Shaing ( , 1988b , Balescu (1990 Balescu ( , 1991 , Sugama & Horton (1995 , 1997a , and Sugama et al. (1996) . Along the same line as those works, this paper presents the synthesized formulation of the classical, neoclassical and anomalous transport in toroidal confinement systems, and elucidates entropy production and symmetry properties relevant to each transport process. Here we consider a toroidal plasma in which electromagnetic fluctuations and large mean toroidal flows exist. This will be helpful in treating internal transport barriers found in large tokamaks where significant reduction of heat transport and large sheared toroidal flows are observed (Koide, 1996) .
A basic kinetic equation for a turbulent plasma is written as
where C a ≡ b C ab denotes a collision term and the distribution function for species a (the electromagnetic fields) is divided into the ensemble average part
Taking an ensemble average · ens of (1) gives the kinetic equation for f a as
where the right-hand side consists of the collision term and the fluctuation-particle interaction term D a defined by
The classical and neoclassical transport occur due to collisions (C a ) while the anomalous (or turbulent) transport results from the fluctuation-particle interactions (D a ). These transport processes produce entropy and the entropy production rates, which are kinetically defined as functionals of the distribution functions, can be also rewritten in the thermodynamic form as the inner products of conjugate pairs of the transport fluxes and the thermodynamic forces. One of main purposes of transport theories is to obtain the transport equations which connect the transport fluxes to the thermodynamic forces by the transport matrix. The transport matrix has symmetry properties which are deeply related to the self-adjointness of the linearized collision operator (Rosenbluth et al., 1972) :
where the linearized collision operator
Here f a0 and f b0 represent the Maxwellian distribution functions satisfying
, and h b1 are arbitrary deviations from the Maxwellian distribution. The positive definiteness of the collisional entropy production is represented by the inequality associated with the full nonlinear collision operator
which reduces in terms of the linearized collision operator to
When m a /m b 1 or m b /m a 1, slow collisional heat exchange between particle species a and b allows different temperatures T a = T b , for which (4) is valid to the lowest order in
In order to show in detail the symmetry properties of the plasma transport processes, we consider in this work an axisymmetric toroidal system in which large toroidal flows on the order of the ion thermal velocity are allowed to exist. Then, the magnetic field is given by
where ζ is the toroidal angle, Ψ represents the poloidal flux, and I(Ψ) = RB T . We employ the drift ordering parameter defined
the equilibrium scale length) to expand the distribution functions as
where the averaged part and the fluctuating part are assumed to be expanded by the same ordering parameter δ. The lowest-order flow velocity V 0 is in the toroidal direction (Hinton & Wong, 1985) and is written as
where Φ 0 (Ψ) denotes the lowest-order electrostatic potential in δ. Then, it is convenient to introduce the phase space variables (x, ε, µ, ξ) in which the particle position x is observed from the laboratory frame while the particle energy ε, the magnetic moment µ, and the gyrophase ξ are defined in terms of the velocity v ≡ v − V 0 in the moving frame as
where (e 1 , e 2 , b ≡ B/B) are unit vectors which forms a right-handed orthogonal system at each point, and
0 represents the sum of the poloidal-angle-dependent part of the electrostatic
and the potential energy due to the centrifugal force.
Here the magnetic flux surface average is denoted by · . The particle energy ε and the magnetic moment µ defined by (10) are conserved along the lowest-order guiding center orbit: (dε/dt) 0 = (dµ/dt) 0 = 0 where · ≡ dξ/2π represents the gyrophase average. The lowest-order distribution function is given by the Maxwellian which satisfies
is neglected by the transport ordering]
and is written as
where the temperature T a = T a (Ψ) and N a = N a (Ψ) are flux-surface functions although generally the density n a depends on the poloidal angle θ through Ξ a and is given by n a = N a exp(−Ξ a /T a ). It is seen from (11) that, in the lowest-order, the state of the toroidally rotating plasma is described by the three flux-surface functions N a (Ψ), T a (Ψ), and V ζ (Ψ).
Then, spatio-temporal dependences of these state variables (N a , T a , V ζ ) are governed by the three surface-averaged diffusion-type equations (or transport equations) which contain the divergence terms of the surface-averaged radial fluxes of the particles, heat, and toroidal momentum. These radial particle, heat, and toroidal-momentum flux are de-
, where the poloidal flux Ψ is used as a radial coordinate and
represents the covariant toroidal component of the particle velocity in the laboratory frame.
Thus, in order to obtain a closed system of equations describing the toroidally rotating plasma, we need to derive explicit thermodynamic expressions for these radial fluxes as well as the averaged parallel current defined by
shown later from the thermodynamic expressions of the entropy production rates that the thermodynamic forces conjugate to the transport fluxes Γ a , q a /T a , Π a , and J E are given by
respectively.
We find from the definitions that the radial transport fluxes require only the gyrophasedependent part of the distribution function f a ≡ f a − f a while the parallel current requires only the gyrophase-averaged part f a . Also, it is easily found that the lowest-order distribution function f a0 makes no contributions to these four transport fluxes. The higher-order distribution functions f a1 , f a2 , · · · are obtained by recursively solving the kinetic equation (2) which is rewritten by
where the differential operator L ≡
∂ ∂ξ represents the time derivative along the particle orbit with the O(δ −1 ) contribution from the rapid gyromotion dropped (Hazeltine, 1973) . From (13), we obtain the gyrophase-dependent parts of the distribution function up to O(δ 2 ) as
where f (Sugama & Horton, 1997a) . More details of the present analysis may be found in Sugama & Horton (1997a, b) .
In the following sections, we find detailed expressions of the transport fluxes and the entropy production rates, from which conjugate flux-force pairs are specified and symmetry properties of the transport matrices are shown. The classical, neoclassical, and anomalous transport are treated in §2-4, respectively. Summary of our results are given in §5.
Classical transport
The classical transport fluxes of particles, heat and toroidal momentum are derived from the (14) and is given by
where a partial integral in ξ is taken and
is immediately obtained from (11) and (14) as
where the perpendicular flows and the gyroviscosity are given in terms of the thermodynamic forces in (12) as
Then, the classical transport equations are obtained by substituting (16) with (17) into (15) as
Here the classical transport coefficients are given by
where the coefficients l ab jk and l ab V are defined by
respectively, where the Laguerre polynomials L 
Using (18) and (19) and taking account of the coefficients' parity with respect to V ζ , we obtain the Onsager symmetry (Onsager, 1931; de Groot & Mazur, 1962) for the classical transport coefficients which is written as
The collisional entropy production rate is kinetically defined by the quadratic form of the O(δ) distribution function associated with the linearized collision operator as
The contribution of the classical transport to the entropy production rate is defined by the quadratic form of the gyrophase-dependent part of the distribution function and is rewritten in the surface-averaged thermodynamic form as
where (15)- (17) 
Neoclassical transport
The neoclassical transport fluxes are included in the perpendicular-velocity moments of the (14), which are written
Here the fluxes Γ
a , and Π (E) a represent the parts driven by the inductive electric field (Sugama & Horton, 1997a 
where g a is defined in terms of the O(δ) gyrophase-averaged distribution function f a1 as
and the functions (W a1 , W a2 , W aV , W aE ) are defined by
In (24), l dl denotes the integral along the magnetic field line, and
In order to derive the neoclassical transport equations, we need to solve the linearized drift kinetic equation for g a , which is derived from the O(δ) part of (2) (Hinton & Wong, 1985; Catto et al., 1987; Sugama & Horton, 1997a) and is written as
The solution of the linearized drift kinetic equation (26) is generally written in the linear form of the thermodynamic forces as
Here G ab1 is defined as the solution of (26) with no thermodynamic forces except for X b1
given as the unity. In the similar way, G ab2 , G aV , and G aE are defined. Substituting (27) into (23), we obtain the neoclassical transport equations as
with the neoclassical transport coefficients given by
where m, n = 1, 2 and M, N = V, E. Here the transport coefficients are dependent on the the toroidal angular velocity V ζ = −c∂Φ 0 /∂Ψ. By using the self-adjointness of the linearized collision operator (4) and taking account of the symmetry properties of the functions W am , W aM , G abm , and G aM (m = 1, 2; M = V, E) with respect to the variable transformations v → −v and V ζ → −V ζ , we can prove that the neoclassical transport coefficients satisfy the Onsager symmetry (Sugama & Horton, 1997b) which is given by
If the system has up-down symmetry B(θ) = B(−θ) (θ: a poloidal angle defined such that θ = 0 on the plane of reflection symmetry), we find that W aV and G aV are symmetric while W am (m = 1, 2), W aE , G abm (m = 1, 2) and G aE are antisymmetric with respect to the
and L EE are even while L a mV and L V E are odd in V ζ . Thus, the restricted forms of the Onsager relations for the system with up-down symmetry are written as
Detailed expressions of the neoclassical transport coefficients for the toroidally rotating plasma are given by Hinton & Wong (1985) , Catto et al. (1987) , and Sugama & Horton (1997b) .
In the same way as in (21), the neoclassical entropy production rate is kinetically defined by the quadratic form of the gyrophase-averaged distribution function and is rewritten in the surface-averaged thermodynamic form as
where (23), (24), and (26) are used. In (32), the product of the parallel current J E and the conjugate force X E is included as a part of the neoclassical entropy production since we here regard the transport due to guiding center motion described by f a1 as the neoclassical transport. We also obtain a T a σ ncl a ≥ 0 and the positive definiteness of the neoclassical transport matrix from (6), (28), and (32).
Anomalous transport
The anomalous transport fluxes of particles, heat and toroidal momentum are derived from (14) and is written in the analogous way to the classical fluxes in (15) as
It should be noted that the anomalous heat flux q 
respectively. Here · denotes a double average over the magnetic surface and the ensemble.
We also define the anomalous heat transfer rate Q A a by
In order to evaluate these anomalous fluxes (Γ
, we need to solve the nonlinear gyrokinetic equation (Sugama & Horton, 1997a) for f a with the Maxwell equations for φ although they are too complex to obtain the analytical solution. However, without finding the solution, we can derive from the gyrokinetic equation the following relation for the anomalous entropy production rate:
where 
